


How does this picture illustrate both laughing and crying? 


Mathematics has been described as the “science of patterns.” 
Geometry concerns patterns of shape and form. You are already 
familiar with the pattern of form called line symmetry. In this 
chapter, we will explore other types of symmetry and become 
acquainted with their relation to the subject of transformations, 
including reflections, translations, rotations, and glide reflections. 
We will also apply these ideas to widen our notion of 
congruence. 
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A reflection 


Just as he reaches 3 small grassy point of land, another fish 
attacks him, lashing furiously with his tail. 


LESSON 1 
Transformations 


Perhaps the most remarkable comic strip ever drawn appeared in the 
New York Herald from 1903 to 1905. A panel from one of the strips is 
shown above. 

The other figures on this page show how several transformations 
important in geometry would affect one of the strip’s characters, Old 
Man Muffaroo. The rotation is remarkable in that it turns Muffaroo 
into the strip’s other character, Little Lady Lovekins. After the six pan- 
els of the comic strip were read in the usual way, the strip had to be 
turned upside down to read the rest of the story. 

The word “transformation” has a special meaning in geometry. It 
refers to a rule for getting one set of points from another. When the 
rule is applied to a point in the first set, it produces exactly one point 
in the second set. Going backward, we find that, for each point in the 
second set, there corresponds exactly one point in the first set. 





A translation A rotation A dilation 
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Definition 
A transformation is a one-to-one correspondence be- 
tween two sets of points. 


Transformations can be applied to triangles. First, imag- 
ine tracing AABC on a sheet of transparent paper and then 
sliding the paper a certain distance in a given direction 
without turning it, as shown at the right. <= 

The result is a éranslation of AABC. Each point in the | C —Sr—)\ B 
new figure, AA’B'C’, corresponds to a point in the origi- in Ot 
nal figure, AABC, and is called its image. Point A’ (read as L_— 
“A prime”), for example, is the image of point A. A translation 

Next, imagine taking the sheet of paper with the draw- 
ing of AABC, folding the paper, tracing AABC to produce 
AA'B'C’, and then unfolding the paper, as shown in the three 
figures below. 
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A reflection 
The result is a reflection of AABC, and the line along which 
the paper is folded is called the mirror of the reflection. 
Now imagine taking the paper with the tracing of 
AABC and rotating it a certain number of degrees about 
a fixed point, P, as shown below. 





A rotation 


This time the result is a rotation of AABC. The fixed point, 
P, about which the figure is rotated is called the center of 
the rotation. 
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Exercises 
Set | 


Transformations in Art. The figure by Maurits 
Escher at the right consists of fish of four 
colors swimming in four directions. 
What type of transformation seems to relate 
1. two fish of the same color? 
2. a pair of red and white fish? 
3. a pair of blue and white fish? 
Are there any pairs of fish in the figure for 
which one fish of the pair seems to be 
4. a dilation of the other? 
5. a reflection of the other? 


Finally, imagine taking the paper with the drawing of AABC and 
making a photocopy of it by either enlarging it or reducing it, as shown 
below. 
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The result is a dilation of AABC. An obvious but significant difference 
between this transformation and the preceding ones is that AABC and 
its image, AA’B’C’, are not congruent. Although the corresponding 
angles of the two triangles seem to be equal, the corresponding sides 
clearly are not. Transformations in which neither distances nor angle 
measures change are called isometries. 


A dilation 


Definition 
An isometry is a transformation that preserves distance and angle 
measure. 


From our descriptions, it is evident that the transformations called 
translations, reflections, and rotations are examples of isometries. Dila- 
tions are not. 





300 Chapter 8: Transformations 


Mirror Molecules. The two hands in the figure 


below are shown holding models of a pair of 
amino acid molecules. Of the two molecules, 
L-alanine and D-alanine, only the one on the 

left is present in natural protein.* 





6. Under what transformation is the one 
hand the image of the other? 


7. Land D stand for “levo-” and “dextro-.” 
What do you think these prefixes mean? 


Reflections. Children sometimes write the 
mirror image Al when they mean to write an 
R. This mistake has been used in the 
trademark of a toy store. 

The figure below shows an R and its 
reflection through a mirror line. 


R | A 


On your paper, copy and complete each of the 


following figures by including the reflection 
image of the object on the left through the 


mirror line. 
8. 9. 


*The Galactic Club, by Ronald N. Bracewell (W. H. 
Freeman and Company, 1975). 


10. 


11. 


12. 


16. 


17. 
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In which of exercises 8 through 15 do the 
figure and its mirror image look the 
same? 


What is it about these figures that causes 
them and their mirror images to look the 
same? 


Down the Stairs. The figure below illustrates < 
transformation.t 


18. 
19. 


20. 


21. 





What transformation is it? 


What does the word “transformation” 
mean in geometry? 


Is this transformation an example of an 
isometry? 
What does the word “isometry” mean? 


'Mind Sights, by Roger N. Shepard (W. H. Freeman 
and Company, 1990). 
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Peter Jones. In this remarkable design by 
Douglas Hofstadter, the part shown in red is 
the image of the part shown in blue. 
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22. What transformation does the figure 
illustrate? 


23. Describe how the image is produced 
from the original figure. 


24. What letter is the image of P? 


Set II 


Escalator Transformations. The diagram 
below illustrates how an escalator works. 


fe 





What type of transformation is illustrated 
by the steps as 


25. they descend? 
26. they move around the return wheel? 


*Scientific American: How Things Work Today, edited by 
Michael Wright and M. N. Patel (Crown, 2000). 
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The figure below represents a translation of 
one step of an escalator; AA’ || BB’ || CC’ and 
AA’ = BB’ = CC’. 





Let’s see how this transformation affects 
distances and angles. 


27. Copy the figure and mark it as needed to 
do each of the following exercises. 


28. What can you conclude about quadrilat- 
erals AA’B’B and BB’C’C? Why? 


29. Why is A’B’ || AB? 

27. (continued) Draw AC and A'C’. 

30. What can you conclude about quadrilat- 
eral AA’C’C? 

31. Why is AB = A’B’, BC = B’C’, and 
AC = A'C’? 

32. Why is AABC = AA'B'C’? 

33. Why is ZABC = ZA'B’C’? 

The answers to exercises 31 and 33 establish 


that the translation part of the escalator 
motion is an isometry. 


34. What is an isometry? 


The figure below represents the rotation of one 
step; PA = PA’, PB = PB’, and ZAPA’ = ZBPB’. 





Let’s see how this transformation affects 
distances. 


35. Copy the figure and mark it as needed 
to answer each of the following 
questions. 


36. Why is ZAPA’ = 22 + 23 and 
ZBPB’ = 21+ 22? 


37. Why is 22+ 23 = Z1+ 22? 
38. Why is 23 = 2]? 

39. Why is AABP = AA’B’'P? 

40. Why is AB = A’B’”? 


41. What have we shown to be preserved by 
this rotation? 


Triangle Construction. The figure below can 
be used to construct a transformation of 
AABC. 


A 


P 
42. Make a large copy of the figure. Draw 


ray PA. Use your compass to mark a 
point A’ on PA such that AA’ = PA. 
Draw ray PB and find point B’ on it so 
that BB’ = PB. Draw ray PC and find 
point C’ on it so that CC’ = PC. Draw 
AA'B'C’. 

43, What type of transformation does your 
drawing seem to illustrate? 


44, How do the sides of AA'B’C’ seem to 
compare in length with the sides of 
AABC? 

45. How do the angles of AA’B’C’ seem to 
compare in size with the angles of 
AABC? 

46. Is this transformation an isometry? 
Explain. 


Computer Geometry. Transformations are used 
in computer drawing programs. The following 
figures appear in the Adobe Illustrator User 
Guide.* Name the transformation illustrated ir 
each figure. 


47. 








(In this figure, the drawing on the right 
is the transformation image of the 
drawing on the left.) 


* Adobe Illustrator 9.0 User Guide (Adobe Systems, 
2000). 
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Computer drawing programs transform 
objects by changing their coordinates. To 
show, for example, that the coordinates of each 
point of an object are to be reversed to get the 
coordinates of each point of its image, we can 
write (a, b) = (Bd, a). 


50. On graph paper, draw a pair of axes 
extending 10 units in each direction 
from the origin. Plot the following 
points and connect them to form AABC: 
A(3, 1), B(5, 2), C(2, 6). 

51. Use the transformation (a, 5) > (a + 2, 

b — 7) on the coordinates of AABC to find 
the coordinates of ADEF. For example, 
A(3, 1) > D(8 + 2, 1 — 7), or D(5, —6). 

50. (continued) Draw ADEF. 

52. For what type of transformation is ADEF 
the image of AABC? 


53. Use the transformation (a, 5) — (—a, b) on 
the coordinates of AABC to find the 
coordinates of AGHI. For example, 

A(3, 1) ~ G(-3, 1). 
50. (continued) Draw AGHI. 


54. For what type of transformation is AGHI 
the image of AABC? 


55. Use the transformation (a, b) > (—a, —3) 
on the coordinates of AABC to find the 
coordinates of AJKL. 


50. (continued) Draw AJKL. 
56. For what type of transformation is AJKL 
the image of AABC? 


57. Use the transformation (a, b) > (2a, 25) 
on the coordinates of AABC to find the 
coordinates of AMNO. 


50. (continued) Draw AMNO. 


58. For what type of transformation is 
AMNO the image of AABC? 
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Set Ill 


Toothpick Puzzle. A puzzle thought to have 
originated in Japan uses eight toothpicks and a 
matchhead.* 


The challenge is to move just three toothpicks 
and the matchhead to make the fish swim in 
the opposite direction. 


1. Can you do it? If so, make a drawing 
illustrating the original fish and what 
you did to get your answer. 


2. Can the solution be regarded as the 
result of one of the transformations 
considered in this lesson? If so, which 
one? Explain. 








*The Next Book of Omni Games, by Scott Morris (New 
American Library, 1988). 
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© The New Yorker Collection 1957, Charles Addams from cartoonbank.com. All rights reserved. 





LESSON 2 
Reflections 


Some barber shops have mirrors on the walls that face each 
other, giving a series of reflections as seen above. 

You already know that a reflection is a special type of 
transformation. The figure at the right shows how to find 
the points corresponding to A and B when an object is re- 
flected in a mirror, line /. Find the perpendicular to / through 
the point, go to the mirror, and continue an equal distance 
on the other side. The distance from any point on / to Lis 0; 
so the reflection of such a point through the line is the point 
itself. 





Definition A reflection 
The reflection of point P through line / is P itself if P lies 


on /. Otherwise, it is the point P’ such that / is the 
perpendicular bisector of PP’. 
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The reflection of a point through a line can be found by using a 
mirror or by folding. It can also be found by construction. 


Construction 8 
To reflect a point through a line. 


A A 

Pe Pe pe >< p' 
B B 
l I l 


Let the point be P and the line be / With P as center, draw an arc 
that intersects /in two points, A and B. With A and B as centers, draw 
two more arcs with the same radius as the first arc. The point in which 
they intersect, P’, is the reflection of P through /. 


A A 

Pp P' P P' 
B B 
l l 


These figures show why this method works. Because PA = PB = 
AP’ = BP’, points A and B are equidistant from P and P’. In a plane, 
two points each equidistant from the endpoints of a line segment 
determine the perpendicular bisector of the line segment; so 7 is 
the perpendicular bisector of PP’. It follows from the definition of the 
reflection of a point through a line that P’ is the reflection of P 
through /. 


In the cartoon by Charles Addams at the beginning of this lesson, 
not all of the successive images produced by the parallel mirrors are 
alike. Some of the images of the man in the barber chair face in the 
same direction and some face in the opposite direction. The second 
image, which faces in the same direction as the man in the chair, is the 
result of another special transformation, a translation. It’s as if the man 
in the chair could be pushed through two “walls” to coincide with his 
translation image. We have already described a translation as sliding 
without turning. The figure suggests that a translation can be produced 
by two successive reflections in parallel mirrors. 
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A reflection A reflection 





A translation 


We will call a transformation that is the result of two or more suc- 
cessive transformations their composite and define translation in the fol- 
lowing way. 


Definition 
A translation is the composite of two successive reflections through 
parallel lines. 


The distance between a point of the original figure and its trans- 
lation image is called the magnitude of the translation. The length of 
the blue arrow in the figure above illustrates the magnitude of the 
translation. 

A translation is the composite of two reflections through parallel 
lines. What would the composite of two reflections through intersect- 
ing lines be? 

The figure at the right suggests that it would 


be a rotation. If the mirrors in the barbershop A reflection 


were not parallel, the customer might get the 
impression that the barber was trying to tip him 
out of the chair! 


Definition 
A rotation is the composite of two successive 
reflections through intersecting lines. 


The point in which the lines intersect is the 
center of the rotation, and the measure of the an- 
gle through which a point of the original fig- 
ure turns to coincide with its rotation image is 
called the magnitude of the rotation. The green 
angle in this figure illustrates the magnitude of 
the rotation. 
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Exercises 





Set | 


A Suspicious Cow. Take a good look at this 
photograph of a cow and barn. 





1. What is the “mirror” that causes the 
reflection? 


2. What is misleading about the 
photograph? 

3. Make a large copy of the figure below. 
Use your straightedge and compass to 
construct the reflections of points A and 
B through line 7. 


A 


B 


4. Ifa point is x units from a mirror in 
which it is reflected, how far is it from its 
image? 

5. What relation does the mirror have to 
the line segment that connects a point 
and its image? 


Double Reflections. It is fairly easy to imagine 
a reflection through a vertical or horizontal 
line because mirrors are usually vertical or 
horizontal. 
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The figure at the 
right shows two succes- 
sive reflections of the 
flag at the upper left. 


6. Through which 
line was the flag 


b 
. =F] 
reflected first? 


7. Through what transformation is the flag 
at the lower right the image of the 
original flag? 

8. What does the measure of the angles 
formed by the two lines appear to be? 


9. What does the magnitude of the trans- 


formation from the first flag to the last 
flag appear to be? 


Copy the following figures on your paper. 
Sketch the reflection of each letter through line 
a (a vertical line) and then sketch the reflection 
of the image that results through line d (a 


horizontal line). 
10. a 12. a 

) 
11. a 13. a 
<- +~ b - 
Look at your drawings for exercises 10 
through 13 to answer the following questions. 


b 
b 


What happens when a figure with 


14. a vertical line of symmetry is reflected 
through a vertical line? 


15. a horizontal line of symmetry is reflected 
through a horizontal line? 


16. point symmetry is reflected through 
both a vertical and a horizontal line? 


17. In which exercise do all three figures 
look alike? Why? 


_ SAT Problem. The following figure appeared 
in a problem on an SAT exam. 





All of the boxes in the strip are the same size. 


18. When the strip is folded together along 
the dashed line, which point is most 
likely to coincide with point P? 

19. What transformation does this problem 
illustrate? 


20. How could you use a ruler to check your 
answer? 


Can You Read Chinese? The figure in green 
below was designed by David Moser when he 


was a graduate student in Chinese.* 
a 





Through what transformation is 


21. the figure in black the image of the 
figure in green? 

22. the figure in red the image of the figure 
in black? 


23. the figure in red the image of the figure 


in green? 


*Can You Believe Your Eyes? by J. R. Block and Harold 
E. Yuker (Brunner/Mazel, 1992). 


A reader of Chinese would read the figure in 
green as the word “China.” 


24, Would it be correct to say that the figure 
in red is a rotation of the figure in green? 
Explain. 

25. In what sense would it be correct to say 
that the figure in red is a translation of 
the figure in green? 


Set II 





Kaleidoscope Patterns. A kaleidoscope uses 
mirrors to produce symmetric patterns. The 
photograph below shows the face of a toy 
monkey and five of its images in a kaleido- 
scope with two mirrors that meet at a 60° 
angle. 


B _ 





= oe 
The monkey’s face is at A. Which of the five 
images are 

26. reflections of it? 

27. rotations of it? 


28. What is the magnitude of each rotation? 


29. How many lines of symmetry does the 
pattern of monkey faces seem to have? 
Where are they? 


30. Does the pattern of faces seem to have 
point symmetry? Explain why or why not. 
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Scaring Chickens. Experimental findings have 
shown that, if chickens see this shape flying 
overhead in the direction of its long end, they 
ignore it. If they see it flying in the direction 
of its short end, they run for cover.* 


direction of travel 
——aas is —s 
“Goose” “Hawk” 


In the figure below, a || 4 and birds A, B, D, 
and E are reflection images of bird C through 
either or both of the lines. 


a 
A 


on 





E 
a 


Which bird is the reflection image of 

31. bird C through a? 

32. bird B through 5? 

33. bird C through 5? 

34, bird D through a? 

Which bird is the image of bird C as a result of 
successive reflections through 

35. aand b? 

36. band a? 


37. What transformation do exercises 35 and 
36 illustrate? 


* Visual Intelligence: How We Create What We See, by 
Donald D. Hoffman (Norton, 1998). 
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38. Use the definition of that transformation 
to explain why. 


39. Which would scare chickens: seeing the 
bird at C flying to A or seeing it fly to E? 


Boomerang. The figure below shows a 
boomerang flying overhead. 


_/ 


a 


b 


40. Draw a large copy of the figure and 
sketch the reflection of the boomerang 
through line a. Then sketch the reflection 
of the resulting image through line 8. 
(Doing so will be easier if you turn 
your paper so that each line is vertical as 
you reflect through it.) 


41. Under what transformation is the final 
image the image of the original figure? 

42. Use the definition of that transformation 
to explain why. 


43. Where is the center of the transforma- 
tion? 








Triangle Reflections. In the figure below, 
AA'B'C’ is the reflection of AABC through 4 
and AA”B’C” is the reflection of AA’B’C’ 
through Jy; i; || lo. 


Cy. 
C' B" “2 > A" 
‘ ‘0 
Y 
C a 
> cer A 
| X 
B A 
| 
L, : 


44, Why is AX = XA’ and A’Y = YA”? 

45. Through what transformation is 
AA"B"C’ the image of AABC? 

46. What is the length of AA” called with 


respect to this transformation? 


47. How does the length of AA” compare with 
that of XY, the distance between 4, and 9? 


In the figure at the right, AA’B’C’ is the 
reflection of AABC through 4, and AA”B"C’” 
is the reflection of AA’B’C’ through J); 4 and 
lo intersect at point O. 


48. Why is AAOX = AA’OX 
and AA‘'OY = AA"OY? 
49. Why is OA = OA’ and OA! = OA"? 


50. Through what transformation is 
AA"B"C” the image of AABC? 


51. What is the measure of ZAOA” called 
with respect to this transformation? 


52. How does the measure of 2 AOA" 
compare with that of 2 XOY, the angle 
between 4 and ly? 


Set III 


What Time Was It? In the murder mystery 
titled The House of the Arrow by A. E. W. 
Mason, the solution depends on a clock: 


The three witnesses advanced into the 
room, and as they looked again, from close at 
hand and with a longer gaze, a cry of surprise 
broke from all of them. 

There was no clock upon the marquetry 
cabinet at all. 

But high above it in the long mirror before 
which it stood there was a reflection of a clock, 
its white face so clear and bright that even 
now it was difficult to disbelieve that this was 
the clock itself. And the position of the hands 
gave the hour as precisely half-past ten. 

“Now turn about and see!” said Hanard. 

The clock itself stood upon the shelf of the 
Adam mantelpiece and there staring at them, 
the true hour was marked. It was exactly... . 


1. Exactly what time was it? Make some 
drawings to support your answer. 


2. Are there any other times when the 
reflection would also look like an actual 
time? Explain. 


# 
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LESSON 3 








Isometries and Congruence 


Here is an amazing illusion by psychologist Roger Shepard. How does 
the shape of the table on the left above compare with the shape of the 
table on the right? If you trace the outline of the top of one of the 
tables on a thin sheet of paper and place it on the other table, you will 
find that it fits exactly. In other words, the tabletops are congruent!* 

When this method is used to test for congruence, the tracing of 
the tabletop is translated and rotated to see if it can be made to coincide 
with the other tabletop. Because translations and rotations are 
isometries, this procedure suggests that congruence can be defined as 
an isometry. This definition agrees with our earlier definition of con- 
gruence for triangles, and it extends the idea so that it can be applied 
to any pair of figures having the same size and shape. 


Definition 
Two figures are congruent if there is an isometry such that one figure 
is the image of the other. 


*Mind Sights, by Roger N. Shepard (W. H. Freeman and Company, 1990). 
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Look at the figure at the right showing the B C 


tabletops at a smaller scale. The definition of con- 

gruence in relation to isometry says that E ‘a 
ABCD = EFGH if there is an isometry such that 

EFGH is the image of ABCD. Translations and ro- 

tations are composites of reflections. Is it possible G 
to find a composite of just reflections in which 

EFGH is the image of ABCD? 

Notice that E appears to be the image of A. 
Imagine that the figures are printed on a trans- 
parent sheet of paper and that we fold the paper 
so that A fits on E. The second figure shows what 
happens. Tracing the reflection image of ABCD 
through the fold line, /;, produces EB’C’D’. 

Next, since F appears to be the image of B, 
and hence B’, imagine folding the paper so that B’ 
fits on F. The third figure shows what happens. 
The reflection image of EB’C’D’ through the fold 
line, /p, is EFGH. The composite of the two reflec- 
tions through /; and /, is an isometry in which 
EFGH is the image of ABCD, so ABCD = EFGH. 

Just two reflections were needed to show that 
the tabletops are congruent. Is it always possible 
to get a pair of congruent figures to coincide with 
two reflections? The figure at the bottom left show- 
ing the footprints of successive steps taken by 
someone walking forward suggests an answer to 
this question. 

Suppose the four steps are congruent. Step C 
is a translation image of step A, as is step D of 
step B. Under what transformation is step B an 
image of step A? It looks like a combination of a 
translation and a reflection. Such a transformation 


is called a glide reflection. 





Definition 

A glide reflection is the composite of a 
translation and a reflection in a line parallel to 
the direction of the translation. 


‘o) 
Lp 
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Because a translation is the composite of two 
reflections, a glide reflection is the composite of 
three reflections. Getting step A to coincide with 
step B is an example of an isometry that requires 
three reflections. Notice that the left and right steps 
look different. Each is a mirror image of the other 
because it takes an odd number of reflections to 
carry either onto the other. We will explore con- 
gruence and isometries further in the exercises of 
this lesson. 


> 
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Exercises 





Set | 


Prevaricator. The four figures at the 
right by graphic artist Paul Agule i 
are congruent.* 

The artist asks: “Can you trust this man?” 


1. What do you think? 


Name the isometry through which 


2. figure B appears to be the image of 


figure A. 


. figure C appears to be the image of 
figure B. 


- figure D appears to be the image of 
figure C. 


. figure C appears to be the image of 
figure A. 

. Is there an isometry through which 
D is the image of figure B? 


. Use the definition of congruent figures 
in this lesson to explain why or why not. 


Synchronized Oars. For maximum speed, 
rowers have to keep their oars synchronized. 
The oars along each side of the boat are 
synchronized if they are always parallel. 





*Can You Believe Your Eyes? by J. R. Block and Harold 
E. Yuker (Brunner/Mazel, 1992). 
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8. Name the two angles in the figure below 
that must be equal if AB || CD. 





9. If AB || CD, why is it reasonable to think 
that ABDC is a parallelogram? 


10. Why does it follow that the distance 
between the tips of the oars, BD, is equal 
to the distance between the rowers, AC? 


What transformation relates the positions of 
two oars 


11. on the same side 


of the boat? 


on opposite sides 
of the boat? 


12. 


Synchronization is also 
important in another 
water Sport. 


13. What sport is it? 


Swing Isometries. Little 
children like being 


rotated in a swing. 





The figure below illustrates the composite of 
two isometries. 


lp 


Through what transformation is 
14, B the image of A and C the image of B? 
15. C the image of A? 


16. What is point O called with respect to 


this transformation? 
17. What is the measure of 7 AOC called? 


What relation do 4 and ly have to 
18. ZAOB and ZBOC? 
19. AB and BC? 


20. How does 2AOC compare in measure 
with that of the acute angle formed by 4, 
and I»? 


Quadrilateral Reflections. In the figure below, 
EFGH and EIJK are successive reflection 
images of ABCD. Lines a and ) and line 
segments AE and FI have been added to the 
figure to show that ABCD and EJJK are related 


by a certain isometry. 





21. What postulate permits us to draw AE 
and FI? 


22. What relation does line a appear to have 
to AE and line 4 to FI? 


23. What relation do lines a and 6 appear to 
have? 


24. If your observations are true, through 
what transformation is EIJK the image of 
ABCD? 


25. How would this transformation show that 
ABCD = E]JK? 


Set II 


Moving a Piano. A heavy piano is to be 
moved from one wall of a room to another. Tc 
do so, the piano is turned on its casters, 
which are at its corners.* 





26. What type of transformation is 
illustrated? 


27. What point is its center? 


What point on DEFG is the image of 

28. point A? 

29. point C? 

30. point D? 

31. What transformation is needed to finish 
moving the piano? Describe it. 


32. Through how many degrees do you 
think the piano is turned altogether? 


*Adapted from a problem in The School Mathematics 
Project, Book 4 (Cambridge University Press, 1969). 
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Bulldogs. All of the bulldogs in this mosaic by 
Escher are congruent. 





39. Of what two transformations is this 
transformation a composite? 


40. Of what three transformations is it a 
composite? 


Grid Problem. On graph paper, draw a pair of 
axes extending 20 units to the right and 15 
units up from the origin. 


41. Plot the following points and connect 
them with line segments to form AABC: 
A(5, 4), B(8, 3), C(3, 0). 

41. (continued) Plot point A’(11, 10) and draw 
AA’. Draw AA'B'C’ so that it is the 
translation image of AABC. 


33. What does it mean in relation to isometry 42. What are the coordinates of points B’ 
to say that two figures are congruent? and C’? 


34, Through what transformation is one of 43. Find the magnitude of the translation. 
the bulldogs in the figure below the 


image of the other? 





41. (continued) Draw the line determined by 
the points (7, 0) and (20, 13) and label it J 

44, What relation does AA’ appear to have 
to line /? 


41. (continued) Draw AA”B’C" so that it is 
the reflection image of AA’B’C’ through 
line / 





45. If your observation in exercise 44 is true, 
through what transformation is AA”B”"C” 
the image of AABC? Explain. 


41. (continued) Draw AA”, BB”, and CC” and 
use the grid to help in finding their 
midpoints. Label them M, N, and P, 





Is it possible that one of these bulldogs could 
be the image of the other 


35. by a single reflection? Explain. respectively. 

36. by the composite of two reflections? 46. What are the coordinates of M, N, and 
Explain. Pp? 

37. by the composite of three reflections? 47. Exactly how is the y-coordinate of each 
Explain. of these three points related to the 


38. Through what transformation is one of x-coordinate? 


the bulldogs in the figure at the top of 48, What is interesting about the three 
the next column the image of the other? points? 
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Set Ill 


Stamp Tricks. Obtuse Ollie found a rubber Surprised, Ollie stamped another sheet of 
stamp and stamped it twice on a sheet of tracing paper twice as shown in figure 3 
tracing paper as shown in figure 1 below. below. 





J 3 

Acute Alice folded the paper to reflect one of Again, Alice managed to fold the paper just 
the figures twice, getting the result shown in twice, getting the result shown in figure 4 
figure 2 below. below. 
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Ollie couldn’t believe it. He decided to try to 2. How did his “trick” prevent Alice from 
trick Alice and stamped a third sheet of tracing being able to get the images to coincide 
paper as shown below. with just two folds? 

This time, Alice had to fold the paper more 3 


haa . Trace the two figures on a sheet of 
than two times to get the images to coincide. 


tracing paper. Can you get them to 
1. How did Ollie try to trick Alice? coincide with three folds? 
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LESSON 4 
Transformations and Symmetn 


How many horses are pictured on the plate shown above? Counting 
the heads gives a different number from that obtained by counting 
the bodies. 

The creator of the plate, who lived in Persia in the seventeenth 
century, made use of symmetry in its design. Each time the plate is 
rotated 90°, as the figures below show, it looks almost the same. 





A figure that looks exactly the same after being rotated less than one 
full turn about its center is said to have rotation symmetry. 


Definition 


A figure has rotation symmetry with respect to a point iff it coincides 
with its rotation image through less than 360° about the point. 
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The point, which is the center of the rotation, is called the center of 
the symmetry. 

The Persian plate can be rotated so that it looks the same in four 
positions. For this reason, it has 4-fold rotation symmetry. Each position 
corresponds to a turn of 90°: s = 90°. In general, a figure has n-fold 
rotation symmetry iff the smallest angle through which it can be turned 


to look exactly the same is sail ; 





n 
Recall that a figure that has point symmetry looks exactly the same 
// /_/ when it is turned upside down. A parallelogram has point symmetry. The 
figure at the left shows that it also has 2-fold rotation symmetry. So 
| point symmetry is symmetry by a rotation of 180°. 

Just as rotation symmetry and hence point symmetry are related 
to the rotation transformation, line symmetry is related to the reflection 
transformation. For this reason, line symmetry is also called reflection 
symmetry. 
ya An isosceles trapezoid has reflection symmetry. If the trapezoid is 
folded along the line shown in the figure at the left, the two halves coin- 
cide. Or, if a two-sided mirror is placed on the line, each half of the trap- 
ezoid is reflected onto the other half. 

We can define reflection (line) symmetry in relation to the re- 
flection transformation. 


Definition 
A figure has reflection (line) symmetry with respect to a line iff it 
coincides with its reflection image through the line. 


The line is sometimes called the axis of the symmetry. 


The translation transformation also is related 

: : to symmetry. The figure at the left from ancient 

(a h NCS Egypt is an example. The part of the drawing 
a 


| 
» shown in red does not have any symmetry of its 
own but, like the repeating pattern of the horses 
around the plate, the repeating pattern of the 
people illustrates a type of symmetry. Rather 
than repeating around a circle, this pattern repeats along a line. The 
part of the drawing shown in red is translated a certain distance in 
the same direction again and again. The resulting pattern has transla- 
tion symmetry. In defining this type of symmetry, we think of the pat- 
tern as continuing in both directions endlessly. 





Definition 
A pattern has translation symmetry iff it coincides with a translation 
image. 


Because rotations, reflections, and translations are isometries, we know 
that corresponding distances and angles in symmetric figures are equal. 
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Exercises 





Set | 


Ambigrams. The figures below are examples 
of “ambigrams,” words that can be read in 
more than one way.* 


algebra 
(iEOMeL 


1. What type of symmetry does the first 
figure have? 


2. What is a simple test for this type of 
symmetry? 





3. What type of symmetry does the second 
figure have? 


4, What is a simple test for this type of 
symmetry? 


Sport Symmetry. The fields and courts on 
which most sports are played are symmetric. 





5. What sport is played on the field above? 
6. Describe its symmetry. 


*“Algebra” is from Wordplay, by John Langdon 
(Harcourt Brace Jovanovich, 1992). 





7. What sport is played on the court above’ 
8. Describe its symmetry. 


9. What type of symmetry do you think 
most sport fields and courts have? 


10. Why do you think they have it? 


Mount Vernon. George Washington’s home, 
Mount Vernon, has a fake window. It is the 
second upstairs window from the left. 





11. Why do you suppose Washington had 
this window painted on the outside 
wall? 


Symmetries of Basic Figures. Some geometric 
figures are so simple that we tend to ignore 
their symmetry. 

A point has rotation symmetry. 


12. Where is its center of symmetry? 


13. Does a point have line symmetry? If so, 
where is the line? 
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Euclid defined a “straight line” as “a line that 
lies symmetrically with the points on itself.” 


14. 
15. 


16. 
17. 


18. 


__ 


A line has rotation symmetry. Explain. 


What points can serve as its center of 
symmetry? 


A line has reflection symmetry. Explain. 


How many lines of symmetry does a 
line have? Where are they? 


Does a line have translation symmetry? 
Explain. 


We defined “vertical angles” with reference to 
opposite rays. 


19. 


20. 


21. 





Explain what this definition says about 
ZCOD and ZBOA, given that they are 
vertical angles. 


£COD can be thought of as a rotation 
image of ZBOA. Explain. 
What theorem about vertical angles is 


suggested by the fact that rotations are 
isometries? 


AABC is an isosceles triangle with AB = AC. 


22. 


23. 


322 


| 
A 


B~ + C 


If a mirror line /is drawn through A and 
M, the midpoint of BC, / | BC. Why? 


What are the images of A and B reflected 
through /? 
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24. What theorem about isosceles triangles 
is suggested by the fact that reflections 
are isometries? 


ABCD is a parallelogram with diagonals AC 
and BD. 


A B 


25. What must be true about AC and BD? 


26. If ABCD is rotated 180° about point P as 
center, what is the image of AB? 


27. What theorem about the sides of a 
parallelogram is suggested by the fact 
that rotations are isometries? 


28. Does BD appear to be a rotation image 
of AC? Explain. 


Set II 


Piano Keyboard. Imagine that the keyboard of 
a piano extends endlessly in both directions. 





29. Draw a picture of the part of the key- 
board that repeats. 


30. What type of symmetry does the “end- 
less” keyboard have because of this 
repeating pattern? 


29. (continued) Draw the lines on your 
figure through which the “endless” 
keyboard could be reflected so that it 
coincides with itself. 

31. Is there any point about which the 
“endless” keyboard can be rotated less 
than 360° so that it coincides with itself? 
If so, where is it? 


Water Wheel. The design of an old type of 


water wheel is shown here.* 





32. What types of symmetry does it have? 


33. What is the measure of the smallest 
angle through which it can be turned to 
look exactly the same? 


Would the wheel look exactly the same if it 
were turned 

34. 125°? 

39» 220 7 


36. To say that the wheel has “n-fold” 
symmetry, what number should 2 be? 


37. Does it have reflection symmetry? 


Wave Functions. Elementary particles such as 
electrons and photons are associated with 
“wave functions.” The two figures below are 
graphs of wave functions. 


An even y. 
wave function 





An odd y 
wave function 


*Cats’ Paws and Catapults: Mechanical Worlds of Nature 
and People, by Steven Vogel (Norton, 1998). 
TReality’s Mirror: Exploring the Mathematics of Symmetry, 
by Bryan Bunch (Wiley, 1989). 


38. What is the axis of symmetry of the 
graph of the even function? 


39. What type of symmetry does the graph 
of an even function have? 


40. What is the center of symmetry of the 
graph of the odd function? 


41. What type of symmetry does the graph 
of an odd function have? 


What type of function—even, odd, or neither— 
described by each of these statements? 


42. If the point (a, 3) is on its graph, then so 
is the point (—a, 9). 

43. If the point (a, 3) is on its graph, then so 
is the point (a, — 9d). 

44, If the point (a, 8) is on its graph, then so 
is the point (—a, — J). 


Cherry Orchard. Imagine that this orchard of 
cherry trees extends endlessly without any 
boundaries.* 





45. Why does the “infinite” orchard have 
translation symmetry? 


46. What is the shortest distance related to 
the trees that the orchard can be trans- 
lated and coincide with itself? 


Below from Above, by Georg Gerster (Abbeville Press, 
1986). 
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47, e 


Copy the figure above illustrating one 
tree and its six closest neighbors. Draw 
all of its lines of symmetry. 


48, Why does the orchard have reflection 
symmetry? 

49, Why does the orchard have rotation 
symmetry? 

50. What points could serve as centers of 
symmetry? 

51. What is the smallest angle through 


which the orchard can be turned to 
coincide with itself? 





Set Ill 


Short Story. In the following very short story Scott Kim also created this figure. 
by Scott Kim, some of the words have missing 


parts. In each case, the missing part is congru- 
ent to the part shown but rotated 180°. For k ( | 
example, 

ra lu —> Oo hu C 2. What is unusual about it? 


1. Copy the story and fill in the missing 
parts. 


lu the summer, S 7 goes to the beach 
and S U herself, adds up S Ll 
of numbers, does ST U and collects 


U cans. The ride home is A | | , and 


that makes her head feel fi Z 
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CHAPTER 8 Summary and Reviev 


Basic Ideas 


Congruent figures 312 
Dilation 300 

Glide reflection 313 
Isometry 300 

Magnitude of rotation 307 
Magnitude of translation 307 
Mirror image 313 

Reflection 298-299, 305 
Reflection (line) symmetry 320 
Rotation 298-299, 307 
Rotation symmetry 319 
Transformation 298-299 
Translation 298-299, 307 
Translation symmetry 320 


Exercises 


Summary of Key Ideas 


Every isometry of the plane can be iden 
fied as a single reflection (a mirror image), : 
two reflections (a translation or rotation), or : 
three reflections (a glide reflection). 

An isometry of the plane that changes a fi 
ure into its mirror image is either a reflection « 
a glide reflection. An isometry that does n 
change a figure into its mirror image is either 
translation or a rotation. 


Construction 
8. To reflect a point through a line. 306 





Set | 


Amazing Vase. This vase was created for 
Queen Elizabeth’s Silver Jubilee in 1977. 





1. Does this photograph appear to have 
reflection symmetry? Explain. 


2. What is unusual about the vase? 


Double Meanings. To an electrician, a 
transformer is a device used to transfer electric 
energy from one circuit to another. 


3. What does the word transformation mean 
in geometry? 


To an athlete, the word isometric refers to an 
exercise in which a muscle is tensed without 
changing its length. 
4, What does the word isometry mean in 
geometry? 
To an eye doctor, the word dilation refers to 
enlarging the pupil of the eye. 
5. What does the word dilation mean in 
geometry? 
6. Is a dilation an isometry? 
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Monkey Rug. This tapestry was woven in Peru 
sometime between 1000 and 1500 a.p. 


1 Re 
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The following questions refer to the rows 
(numbered in red) of dark brown monkeys. 
Name the transformation through which the 


7. third row appears to be the image of the 
first row. 


8. second row appears to be the image of 
the first row. 


9. fourth row appears to be the image of the 
third row. 


10. sixth row appears to be the image of the 
second row. 


Clover Leaves. An ordinary clover leaf has 
3-fold rotation symmetry. 





11. What does “3-fold” mean? 
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12. What is the smallest angle through 
which the leaf can be turned to look the 
same? 

13. Does an ordinary clover leaf have point 
symmetry? Explain. 

14, Sketch the leaf and draw its lines of 
symmetry. 

15. Sketch a clover leaf with four “leaves” 
and draw its lines of symmetry. 


16. What is the smallest angle through 
which it can be turned to look the same? 

17. Does this kind of clover leaf have point 
symmetry? 

18. What kind of luck is associated with the 
clover leaf that you drew in exercise 15? 


Musical Transformations. The first measure of 
a piece of music by Bach is shown here.* 





19. What transformation appears in it? 


Another composer, Arnold Schoenberg, wrote 
about taking a sequence of musical notes and 
transforming it in different ways.t 

What geometric transformation 
corresponds to each of the following musical 
transformations? 


20. Retrogression (playing a sequence of 
notes backward). 


21. Transposition (moving a sequence of 
notes up or down). 


22. Inversion (turning a sequence of notes 
upside down). 


*First Prelude (BWV 846) from The Well-Tempered 
Clavier, Vol. 1. 

TEmblems of Mind: The Inner Life of Music and 
Mathematics, by Edward Rothstein (Times Books, 
1995). 


Fish Design. This is one of Escher’s mosaics 27. Do any other types of transformation 
based on fish. appear in Escher’s mosaic? If so, draw a 
figure to illustrate an example. 
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Batter’s Swing. The swing of a baseball bat 
includes two types of mafion.* 





23. Do all of the fish in the figure appear to 
be congruent? Explain. 


24, Define congruence with respect to isometry. 
25. 





In the figure above, under what 
transformation is the bat 


28. at B the image of the bat at A? 
29. at C the image of the bat at B? 





Each of these transformations can be 


Through what transformation is one of considered the composite of two reflections. 


the fish in this part of the mosaic the 30. What is the difference in the way that 
image of the other? the lines of reflection are related? 


31. Use your protractor to estimate the 
magnitude of the rotation. 


32. Given that the length of the bat is 42 
inches, use the figure to estimate the 
magnitude of the translation. (Hint: 
Measure everything in millimeters.) 


26. 





Through what transformation is one of *Keep Your Eye on the Ball: The Science and Folklore of 
the fish in this part of the mosaic the Baseball, by Robert G. Watts and A. Terry Bahill 
image of the other? (W. H. Freeman and Company, 1990). 
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| ) 
ch 4 





Reprinted by permission of The Chicago Tribune. 


33. Trace the figure below of the bats in 34. (continued) Construct the reflection of 
positions B and C and show, by an point A through line DC. Label its 
accurate drawing, one way in which the image k. Draw DE and CE. 
transformation can be obtained geometri- 3. For what type of transformation is 
cally as the composite of two reflections. AEDC the image of AABC? 

—————— From N to Z. Make an accurate copy of the 
C following figure. 
a b 


=> , N 


Construction Problem. AABC has no special 


symmetry. 
A 
39. Sketch the reflection of the letter N 
through line a, and then sketch the 
reflection of the image that results 
B C through line 8. 
40. What transformation is the composite of 
34, Draw a large copy of it on your paper. these two reflections? 
Use your straightedge and compass to 41, What does the measure of the acute 
construct the reflection of point B angle formed by lines a and 5 appear to 
through line AC. Label its image D. ba? 


Draw AD and CD. 
nays = 42. What does the magnitude of the com- 


35. What are the images of AB and BC posite transformation appear to be? 
through line AC? 
_ ; 43. Is there any other letter of the alphabet 
36. Why is AABC = AADC: whose final image from reflections 
37. Describe the symmetry of quadrilateral through these two lines is another letter 
ABCD. of the alphabet? Explain. 
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Past and Future. The following figures are by 
graphic designer John Langdon.* 


TPRSTPRSTPRSTPRS 
(UISFUTUSSFUTURE! 


Think of each pattern in the figures as 
repeating endlessly in both directions. 





44, Draw a picture of the part of each 
pattern that repeats. 


45, What type of symmetry does each figure 
have owing to this repeating pattern? 


44, (continued) Draw the lines on your 
figures through which the “endless” 
patterns could be reflected so that each 
coincides with itself. 


46. Why have no vertical bars been drawn 
on the Es? 


*Wordplay, by John Langdon (Harcourt Brace 
Jovanovich, 1992). 


47. Does either pattern have rotation 
symmetry? 

48, Which letters in the patterns have been 
drawn so that they have reflection 
symmetry? 

49. Have any letters been drawn so that 
they have rotation symmetry? If so, 
which one(s)? 


Dice Symmetries. The six faces of a die do not 
all have the same symmetry. 





50. Sort them into groups in which the faces 
of each group have the same symmetry 
and describe the symmetries of each 


group. 
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Midterm Review 





Set | 


Chill Factor. A 3-year-old child can 
understand the statement “You can’t go 
outside if you don’t put your coat on.”* 
1. What type of statement is it? 
2. What is its hypothesis? 






ou lose 
Losers, Sleepers. The 4 


following questions are 
about the diagram at 
the right. 





you 
snooze 





3. What is a diagram of this type called? 


4. Write the statement represented by the 
diagram. 


5. What is its conclusion? 


Marine Logic. Sea lions that have been taught 
with symbols that a— 6 and b— ¢ seem to 
realize that a— ct 


6. What is an argument of the form 
a— b 
boc 
Therefore, a—> ¢ 
called? 


7. What could cause the conclusion of such 
an argument to be false? 


Finding Truth. G. K. Chesterton once wrote: 
“You can only find truth with logic if you have 
already found truth without it.” 

What are the statements called that we 


8. prove to be true by using logic? 
9. assume to be true without proof? 


*Why Do Buses Come in Threes? The Hidden Mathematics 
of Everyday Life, by Rob Eastaway and Jeremy 
Wyndham (Wiley, 1998). 

t The Animal Mind, by James L. Gould and Carol 
Grant Gould (Scientific American Library, 1994). 
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Only in Geometry. Each of the following 
words is an important term used only in 
geometry. Briefly explain what each word 
means. 

10. Collinear. 

11. Hypotenuse. 

12. Isosceles. 

13. Rhombus. 


Why Three? Most insects walk on three of their 
six legs at a time. 





14, What postulate tells you that the insect 
in the figure above won’t tip over when 
legs A, C, and E touch the ground? 


15. Which geometric terms in this postulate 
are undefined? 


What Follows? Complete the statements of 
the following postulates and theorems. 
16. ‘Iwo points determine... 
17. The sum of the angles of a triangle is .. . 
18. An angle has exactly one ray that... 
19. Complements of the same angle... 
20. An equilateral triangle is . . . 


21. An exterior angle of a triangle is greater 
than... 


22. In a plane, two points each equidistant 
from the endpoints of a line segment 
determine... 


23. Equal corresponding angles mean that 
lines... 


24. In a plane, two lines perpendicular to a 
third line... 


25. In a plane, a line perpendicular to one 
of two parallel lines is... 


26. An exterior angle of a triangle is equal to 
the sum of... 


27. A quadrilateral is a parallelogram if its 
opposite angles are... 


28. The diagonals of an isosceles trapezoid 


Formulas. Explain what each of the following 
formulas means. 

29. A= ar?. 

30. A= lw. 

31. d= Vga oP 

32. p=at+bt+e. 

33. p= 21+ 2w. 


Protractor Problems. The figure below shows 
a protractor placed on ZAOB so that the 
coordinates of its sides are 123 and 39. 





34. Find the measure of ZAOB. 


35. Find the measures of 2 AOC and ZCOB, 
given that ray OC bisects 2 AOB. 


36. Find the coordinate of ray OC. 


37. Find the measure of 2AOD, given that 
ZAOD and ZAOC are complementary. 


38. Find the coordinate of ray OD. 


39. Would it be correct to say that ray OC 
is between ray OD and ray OB? Explain 
why or why not. 


Metric Angles. As part of the metric system 
adopted at the time of the French revolution, 
right angles were defined to have a measure of 
100 “grades.” 


Write each of the following definitions or 
theorems in terms of “grades.” 


40. The definition of supplementary angles. 


41. The definition of an obtuse angle. 


42. The theorem about the sum of the 
angles of a quadrilateral. 


43. The theorem that each angle of an 
equilateral triangle is 60°. 


Linear Pair. The figure below appeared on 
the opening page of the first printed edition o 
the Elements (1482). 


wy? 
%, eo 
%\ 
re 


44, What do you need to know about this 
figure to know that it contains a linear 
pair? 

45. If two angles form a linear pair, does it 
follow that one is acute and the other is 
obtuse? Explain. 


46. In what way are the measures of the 
angles of every linear pair related? 


47. If the angles in a linear pair are equal, 
what can you conclude about each angle? 


Polygons. In each of the following exercises, 
the measure of one or more parts of a polygor 
is given. Tell what the measures of the 
indicated parts must be. 


48. A right triangle. The other side if the 
two shorter sides are 15 and 30. 


49. An isosceles triangle. The third side if 
two sides are 15 and 30. 


50. A rhombus. The other angles if one 
angle is 30°. 

51. An isosceles trapezoid. The other angles 
if one angle is 30°. 
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Bent Pyramid. The Bent Pyramid at Dahshur 
in Egypt is shown in the photograph below. 





In the following side view of it, ABDE is an 
isosceles trapezoid and ABCD is an isosceles 
triangle. 





Use the facts that 2A = 54° and 
ZCBD = 43° to find 


92. ZABD. 
53. ZC. 
54, ZE. 
55. ZCDE. 


Six Triangles. Three triangles in the following 
figure are right triangles, and the other three 
are isosceles. 





56. Two triangles look as if they might be 
congruent. Which two are they? 
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57. If you knew that AB = ED, you could 
prove these triangles congruent. How? 


58. You could also prove them congruent if 
you knew that AF = CD. How? 


Italian Theorem. The following theorem 
appears in an Italian geometry book. 


Teorema. Se due lati di un triangolo sono disegauli, 
l’angolo opposto al lato maggiore é maggiore di 
quello opposto al lato minore. 


C 


A B 


In terms of the figure above, the hypothesis of 
this theorem might be stated as: “In AABC, 
CA > CB.” 


59. State the conclusion in terms of the 
figure. 


60. State the theorem as a complete sentence 
in English. 

61. What English words are related in 
meaning to “maggiore” and “minore”? 


Impossibly Obtuse. Recalling that an acute 
triangle has three acute angles, Obtuse Ollie 
concluded that an obtuse triangle has three 
obtuse angles. 

The beginning of a proof that such a 
triangle is impossible follows. 


Proof 

Suppose that AABC has three obtuse 
angles. 

Then ZA > 90°, 2B > 90°, and ZC > 90°. 


62. What follows from adding these 
inequalities? 
63. What does this result contradict? 


64. What does the contradiction show about 
what we supposed? 


65. What kind of proof is this proof? 


Converses. Write the converses of the 
following statements and tell whether the 
converses are true or false. 


66. If two angles are the acute angles of 
a right triangle, then they are 
complementary. 


67. If a quadrilateral is a parallelogram, 
then the diagonals of the quadrilateral 
bisect each other. 


Construction Exercises. 


A 





X Y 


68. First, use your ruler to draw a line 
segment 8 cm long. Label its endpoints 
A and B and mark the points X and Y on 
it that are 3 cm and 6 cm from point A. 
Use your straightedge and compass 
to construct AABC with AC = AY and 
BC = BX. 
Construct the line that bisects ZA. 


69. Does this line also bisect BC? 


68. (continued) Check your answer by 
constructing a line that bisects BC. 


68. (continued) Through C, construct a line 
perpendicular to AB. Let P be the point 
in which this line intersects AB. 


70. What point on line AB is closest to point 
C? 
71. Which three lines in the figure are 


concurrent? 
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Grid Exercise. On graph paper, draw a pair of 
axes extending 20 units to the right and 10 
units up from the origin. 


72. Plot the following points and connect them 
with line segments to form quadrilateral 
ABCD: A(0, 2), B(12, 2), C(16, 8), D(4, 8). 

73. What kind of quadrilateral does ABCD 
appear to be? 


74, Find the lengths of its sides to check 
your answer. 


72. (continued) Plot P(10, 2) and draw PD 
and PC. 


75. Which segment looks longer: PD or PC 


76. Use the distance formula to check your 
answer. 


Roof Truss. The figure below from a book on 
architecture illustrates one type of truss, a 
structure used to support a roof. 


G 


E H 
C J 


F 
A BR D Ik L 


In the structure, GA = GL and FA = FL. 


77. What can you conclude about ZA and 
ZL? Explain. 


Also, ZBCD = ZCDE = ZDEF = ZEFG. 


78. What can you conclude about BC and 
FG? Explain. 


It appears as if CD || EF. 
79. Is this necessarily true? Explain. 


ZAGF is acute and ZGFA is obtuse. 


80. Can these two angles be supplementary? 
Explain. 
Angles Problem 1. In A 
the figure at the right, 
AABC is equilateral 
and its vertices lie on A B 
the sides of ADEF, 
AB || DE, 2D = 65°, 
and ZF = 50°. D C E 


81. Make a large copy of the figure and 
write the given information on it. Find 
the measures of the other angles and 
write them on the figure. 


82. What can you conclude about AACD 
and ABCE? Explain. 
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Irregular Star. The five angles at the points of 
the star below, formed from five intersecting 
line segments, are equal. 


B 
A FF ANG 
C 
J 
H 
| 
E D 


83. Copy the figure and mark it as needed 
to help in deciding whether each of the 
following statements is true. Jf you think 
a statement is true, explain why. 


84, AEFC is isosceles. 

85. Pentagon FGHIJ is equiangular. 

86. Pentagon FGHIJ is equilateral. 

87. Every triangle in the figure is isosceles. 


Angle Trisector. The linkage below can be used 
to trisect an angle. 





It is designed so that OA = AB = BC = CO = 
OD = DE = EF = FO. 
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Explain why each of the following statements is 
always true, no matter how the linkage is moved. 
88. AOAB = AOCB, and AODE = AOFE. 

89. 41 = 22 = 23. 


Quadrilateral Problem. The measures of the 
angles of quadrilateral ABCD are multiples 
of x. 


B 


A D 


90. Write an appropriate equation and solve 
for x. 


91. What is the measure of the largest angle 
of ABCD? 


92. What other conclusions can you make 
about this figure? 


Angles Problem 2. In the figure below, i; || J 
and AC bisects 2 BAD. 


D 
A I 


100° i 
B Cc 
93. Make a large copy of the figure and 
write in the measure of the 100° angle. 


Find the measures of the other angles 
and write them on the figure. 


94, What can you conclude about AABC? 
have lengths a and 5 


Explain. 
VN 
and the hypotenuse 


has length c. € 


A, B, C. Suppose that the 
legs of a right triangle 


95. Write an equation relating a, ), and c. 


96. Write three inequalities relating a, 8, 
and c. 


97. Could a triangle have sides of lengths a?, 
b?, and c*? Explain. 


Midsegments. In the figure below, D and E are 
the midpoints of AC and BC, AE and BD 
intersect at F, and G and H are the midpoints 
of AF and BF. 





98. Copy the figure and mark it as needed 
to explain why each of the following 
statements is true. 


99. DE = GH. 
100. DE || GH. 
98. (continued) Draw DG and EH. 
101. DEHG is a parallelogram. 
102. AG = GF = FE and BH = HF = FD. 


On the Level. The plank of this swing always 
stays level with the ground as the plank 
moves back and forth.* 





103. What is it about the design of the swing 
that makes the plank stay level? 


*Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 


Folding Experiment. 

Mark a point on a sheet of 
paper and label the point A. 
Choose a corner of the paper, 
label it B, and draw segment 
AB. Fold the paper so that B 
falls on A, and make a sharp 
crease. Unfold the paper so 
that it is flat. 


104, Draw a sketch of the result. 


105. What relation does the crease line seem 
to have to AB? 


106. Add some extra line segments as needec 
to help in explaining why. 





Earth Measurement. In the ninth century, a 
team of surveyors working near Baghdad 
found that 1 degree at the center of the earth 
corresponded to about 57 miles on the surface 

With the use of this information, what did 
they estimate for 


107. the circumference of the earth? 


108. the distance from the surface of the eartt 
to its center? 


Not a Square. Although parallelogram ABCD 
looks like a square, it is not because 


ZL DAB # ZABC. 


D C 


\Z 
ZS 


A B 


On the basis of this information, could it be 
that 


109. ABCD is a rhombus? Explain. 

110. AC 1 DB? Explain. 

111. AC and BD bisect each other? Explain. 
112. ABCD is a rectangle? Explain. 

113. AC = DB? Explain. 
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Construction Exercise. 


114. Draw a scalene triangle in the center of 
a sheet of paper and label its vertices A, 
B, and C. Use your straightedge and 
compass to construct three equilateral 
triangles outwardly on the sides of 
AABC., Label the equilateral triangles 
AABZ, ABCX, and AACY. 


115. Draw AX, BY, and CZ. What seems to 
be true about these three line segments? 


SAT Problem. The figures below appeared in a 
problem on an SAT test. 





The first figure shows a rectangular sheet of 
paper being folded in half. The second figure 
shows the result of cutting off two opposite 
comers of the folded paper. 

In figure A below, the lower half is the 
image of the upper half by a reflection. 


“ee 


Name the transformation(s) through which 
the lower half is the image of the upper half in 


116. figure B. 
117. figure C. 
118. figure D. 
119. figure E. 


120. Which one of the five figures represents 
the paper when it is unfolded? 
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Quilt Patterns. Three patterns used in making 
quilts are shown below.* Describe the 
symmetries of each pattern. 


121. 


122. 


123. 





Dividing a Lot. A real estate developer’ is 
planning to subdivide a vacant lot into 
congruent parcels (the ’ stands for feet). 


1000" 
HES SSSA 
Lessa 
PEbeo ese 
Re e 


600" 





200' 


Make a sketch to illustrate each of the 
following divisions. 


124. A way to divide the lot into three 
congruent parcels. 


125. A way to divide it into five congruent 
parcels. 


*Designing Tessellations, by Jinny Beyer (Contemporary 
Books, 1999). 
tSolomon Golomb. 


